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Abstract. The indirect exchange interaction is one of the key factors in determining
the overall alignment of magnetic impurities embedded in metallic host materials. In
this work we examine the range of this interaction in magnetically-doped graphene
systems in the presence of armchair edges using a combination of analytical and
numerical Green function (GF) approaches. We consider both a semi-infinite sheet
of graphene with a single armchair edge, and also quasi-one-dimensional armchair
edged graphene nanoribbons (GNRs). While we find signals of the bulk decay rate
in semi-infinite graphene and signals of the expected one-dimensional decay rate in
GNRs, we also find an unusually rapid decay for certain instances in both, which
manifests itself whenever the impurities are located at sites which are a multiple of
three atoms from the edge. This decay behavior emerges from both the analytic and
numerical calculations, and the result for semi-infinite graphene can be interpreted as
an intermediate case between ribbon and bulk systems.
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1. Introduction
Graphene, the two-dimensional carbon allotrope, has been in the scientific limelight for
almost a decade now due to a range of fascinating and experimentally realizable physical
properties [1–5]. Interest in this material is further fueled by its potential application
in a variety of fields, including spintronics, which attempts to exploit the charge and
spin degrees of freedom of electrons in order to develop the next generation of nanoscale
devices. Graphene is predicted to display very weak spin-orbit and hyperfine interactions
which are common sources of spin-scattering and decoherence, and thus appears as a
promising candidate material for the transport of spin information in such devices [6,7].
Fundamental to the field of spintronics is the indirect exchange coupling (IEC)
which determines the alignment of magnetic objects in metallic systems. This
interaction, mediated by the conduction electrons of the metallic host, makes separate
magnetic objects aware of their mutual presence and forces the magnetizations to adopt
the most energetically favorable alignment. When calculated in the framework of second
order perturbation theory, the IEC is commonly known as the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction [8–12]. Despite their slight distinction, both terminologies
are often used interchangeably and will be adopted here as equivalent.
The investigation of the IEC in multilayer systems played a pivotal role in the
development of the early spintronic devices, such as giant magnetoresistance stacks and
spin valves [13–15]. Recently, experimental progress has been made in measuring the
interaction between individual magnetic atoms on surfaces [16–18]. The basic features
of the interaction are well documented, and it is generally seen to oscillate and decay
as a function of the separation between the magnetic objects. The oscillation period
is closely linked to the Fermi surface of the host material, and the decay rate to the
dimensionality of the system. In a two dimensional host, the RKKY interaction between
magnetic impurity atoms is predicted to decay with the square of the separation, D,
between the impurities (D−2). The nature of such an interaction in a graphene system
has been the subject of much discussion in recent literature [19–34]. The general
consensus from these studies is that the interaction in graphene is shorter ranged due
to the vanishing density of states at the Dirac point and decays as D−3. Another
curiosity is the oscillatory nature of the interaction, which is evident in most materials
but hidden in graphene by a commensurability effect between the oscillation periods and
the underlying hexagonal lattice. Furthermore, the interaction in graphene is predicted
to have a sublattice dependence, i.e., magnetic moments on the same sublattice are
predicted to align ferromagnetically, whereas those on opposite sublattices will pair
antiferromagnetically.
Despite the vast literature regarding the IEC in graphene, the body of work
dedicated to edged graphene is surprisingly small [25, 27, 35–38]. This is particularly
glaring in light of the fact that many of graphene’s local properties (e.g. transport,
magnetic and mechanical) are drastically modified near the termination of the graphene
lattice [19, 39–44]. Thus far, most of the attention has been focused on edges with
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a zigzag geometry, where localized states were predicted to give rise to spin-polarized
edges [19, 45–47]. Such magnetic-edged ribbons have inspired a number of theoretical
device proposals [23,48–50]. Furthermore, success in the accurate patterning of graphene
edges [51–53] makes this field more accessible from an experimental perspective, and
attractive from a theoretical one. RKKY interactions mediated by the edge states in
zigzag nanoribbons are expected to decay exponentially [25], in contrast to the power-
law decay normally associated with the IEC in metallic systems. However, the presence
of electron-electron interactions has been predicted to lead to a distance independent
interaction [27]. Results in armchair nanoribbons are scarce, however, one study finds an
interaction dependent on the distance from the edge [38] including both an exponential
decay and a distance-independent interaction. To our knowledge, the IEC in graphene
with a single edge has not been investigated previous to the current work.
Motivated by the growing interest in the properties of edged graphene, we examine
how the IEC between magnetic objects in graphene is affected by their proximity to an
edge. Two situations are worth considering, namely the case of a single edge represented
by a semi-infinite graphene sheet and the case of two parallel edges which is present
in a graphene nanoribbon. In both these situations we will examine pristine armchair
geometry edges, and focus on the range of the interaction between two localized magnetic
moments with a separation DA parallel to the edge(s), as illustrated schematically in
Figure 1. The interaction range is characterized by the rate of decay D−αA of the IEC
and we show that α becomes a function of the distance from the edge in both cases. In
other words, rather than displaying a fixed rate of decay as in bulk graphene, the IEC
in edged graphene fluctuates between a long- and short-ranged interaction depending
on how far the magnetic objects are from the armchair edges. Numerical calculations of
the RKKY interaction are backed up by simple analytical expressions which are derived
to explain the variations of the interaction range as the proximity to the graphene edges
varies. Furthermore, we demonstrate that these variations are the result of interference
effects introduced by the presence of one or more edges.
In what follows we begin by presenting the model used to calculate the IEC and to
describe the system under consideration. Special attention is paid to the single-particle
Green functions (GFs) of the system, since they are the key ingredients appearing in the
IEC expressions. We demonstrate alternative methods to calculate the GFs for a semi-
infinite graphene sheet and examine how they relate to their infinite sheet counterparts.
The GFs derived are very general quantities, and may be used to calculate a wide
range of other physical properties in semi-infinite graphene and armchair nanoribbons.
Results for both cases are presented, followed by a general discussion of the features
observed in the numerical calculations and their connection with the analytical model.
We finish with a section addressing our conclusions and an outlook on future work in
edged graphene systems.
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Figure 1. A schematic of our system. The dotted lines represent a continuation of
the system and the dashed red line marks the x-axis (where DZ = 0) The dashed
rectangle at the center is our two-atom unit cell, containing an atom from each of the
two sublattices (• and ◦). The impurities are represented by larger, blue dots. The
separation shown is given by DZ = 4, DA = 2 within our convention.
2. Model
Let us start by defining the system to be studied, consisting of an armchair edged
graphene sheet with two embedded magnetic objects, labeled A and B, both at a
distance DZ (zigzag direction) from the edge. This setup is shown schematically in
Figure 1. The magnetic objects are assumed to be substitutional magnetic impurities
replacing two carbon atoms a distance DA apart in the armchair direction, although
the results are equally valid for top-adsorbed impurities. Note that the distances DA
and DZ cannot adopt any continuous values but are limited by the constrained integer
values defining the hexagonal lattice. In other words, DZ is calculated in units of
a
2
(thus
counting the number of atoms from the edge), and DA in units of
√
3a (thus counting
the number of unit cells in the armchair direction), where a is the lattice parameter of
graphene. Note that, under this definition, atoms at the very edge of the sheet take the
value DZ = 1.
The IEC between the two magnetic impurities A and B can be calculated
as the total energy difference between their ferromagnetic and antiferromagnetic
configurations. Using the Lloyd formula method [54, 55] this energy difference is given
by
JBA = −1
π
Im
∫ ∞
−∞
dE f(E) ln(1 + 4V 2xG
↑
BA(E)G
↓
AB(E)), (1)
where Vx is the exchange splitting between the spin sub-bands of the magnetic
impurities, f(E) the Fermi function and GσBA(E) is the single-particle GF between
the impurities A and B for electrons with spin σ with the system in the ferromagnetic
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configuration. The spin dependent GFs Gσ can be calculated in terms of their pristine
lattice counterparts g by introducing a localized potential term describing the band-
splitting at the magnetic impurity sites using Dyson’s equation. Within this convention a
negative coupling represents favorable ferromagnetic alignment, and a positive coupling
an antiferromagnetic one.
If the coupling is expanded to lowest order in Vx, we can recover the standard
perturbative form of the RKKY interaction, also given by the spin susceptibility of the
system
JRKKY = −4V
2
x
π
Im
∫ ∞
−∞
dE f(E)g2BA(E), (2)
where g is now the GF of the pristine system in the absence of any magnetic impurities.
To proceed it is important to specify the Hamiltonian defining the electronic
structure of graphene, which in this case is described by the nearest-neighbour tight-
binding approximation representing the electrons in the pz orbitals of the carbon atoms:
H =
∑
r,r′
∑
α,β
|r, α〉t〈r′, β| . (3)
Graphene is formed from two interlocking triangular sublattices, and our notation is
chosen accordingly. |r, α〉 labels a π orbital at the site whose unit cell is given by r and
whose sublattice is defined by the index α = • or α = ◦ (see Figure 1).
We note from Eqs. (1) and (2) that the separation dependence of the interaction is
entirely within the GFs. Thus the distance dependent features of this interaction can be
described entirely by examining these quantities, which are derived in the next section.
2.1. Single-particle Green Functions
First we derive the GF for bulk graphene and then show how this approach may be
expanded to deal with semi-infinite graphene. The GF associated with a Hamiltonian
H is given by
gˆ(E) =
(
EIˆ − Hˆ
)−1
. (4)
The Hamiltonian for bulk graphene given in Eq. (3) can be greatly simplified by Fourier
transforming to reciprocal space (|k, α〉), and it may be completely diagonalized by the
following choice of eigenstates
|k,±〉 = 1√
2
(
|k, •〉 ± f
†(k)
|f(k)| |k, ◦〉
)
, (5)
where f(k) = 1 + 2eikx
√
3
2
a cos
(
kya
2
)
. Diagonalization makes the inversion in Eq. (4)
trivial and the GF may now be written as
gˆ(E) =
∑
k
|k,+〉〈k,+|
E − t|f(k)| +
|k,−〉〈k,−|
E + t|f(k)| . (6)
Variable range of the RKKY interaction in edged graphene 6
This can be projected onto the position basis to get
〈r1, α|gˆ(E)|r2, β〉 = a
2
√
3
8π2
∫
dky
∫
dkx
Nαβ(E,k)eik·(r2−r1)
E2 − t2|f(k)|2 , (7)
where the integration is taken over the first Brillouin Zone in reciprocal space. Here
Nαβ(E,k) is a sublattice dependent term given by
Nαβ(E,k) =


E α = β
tf(k) α = •; β = ◦
tf †(k) α = ◦; β = • .
(8)
In order to calculate the GF for semi-infinite graphene it is necessary to first obtain a
suitable basis of eigenstates. We consider the following linear combination of bulk states
|φk,±〉 = 1√
2
(|(kx, ky),±〉 − |(kx,−ky),±〉) , (9)
where the vector k is written explicitly in terms of its components kx and ky, and we
examine its projection on the position basis
〈(x, y), •|φk,±〉 = − i√
N
e−ikxx sin(kyy)
〈(x, y), ◦|φk,±〉 = ∓ i√
N
e−ikxx sin(kyy)
f †(k)
|f(k)| .
It is clear that the projection vanishes whenever y = 0, indicating that there are no
longer any atomic states along the x-axis. This means that the graphene sheet has been
divided up into two equivalent halves, the layout of which can be seen in Fig. 2.
With the new choice of eigenstates the semi-infinite GF is given by
Sˆ(E) =
∑ |φk,+〉〈φk,+|
E − ǫ+ +
|φk,−〉〈φk,−|
E + ǫ+
, (10)
and this can be similarly projected onto the position basis to get
〈(x1, y1), α|S(E)|(x2, y2), β〉 = a
2
√
3
4π2
∫
dky
∫
dkx
× N
αβ(E,k)eikx(x2−x1) sin(kyy1) sin(kyy2)
E2 − t2|f(k)|2 . (11)
One of these integrals can be solved by contour integration, upon which the GF between
two atoms a distance DZ from the edge and separated by a distance DA in the armchair
direction is given by
S(E,DZ , DA) =
i
2πt2
∫ pi
2
−pi
2
dkZ
E e2iqDA sin2(kZDZ)
cos(kZ) sin(q)
, (12)
where q is the pole from the contour integration and is given by
q = ± cos−1
[
E2 − t2 − 4t2 cos2(kZ)
4t2 cos(kZ)
]
, (13)
and the sign of the pole is chosen such that its imaginary part is always positive. Here we
have introduced the dimensionless k-space vectors kA =
√
3a
2
kx and kZ =
a
2
ky. Numerical
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integration gives the GF exactly, but we can also use the stationary phase approximation
(SPA) to find an approximate analytic form of the GF, and we do so later in this paper.
The fact that we have formed the semi-infinite GF by considering combinations of
bulk eigenstates makes it natural to see whether the semi-infinite GF can be written in
terms of its bulk counterparts. It turns out that this is both possible to do, and provides
geometric insight into its meaning.
2.2. The Image Method
As previously mentioned, the IEC in bulk graphene has been extensively studied and
most of its features are well understood. Therefore, our strategy is to express the
semi-infinite system representing a single-edged graphene sheet in terms of its bulk
counterpart so that we can infer the IEC behavior in the presence of edges. Such a
strategy requires that we relate the semi-infinite GF to that of bulk graphene.
In order to express the semi-infinite GF in terms of the more familiar bulk GFs
we expand out the eigenstates in Eq. (10) in terms of their bulk equivalents of Eq. (9).
Collecting all the positive ky terms (|(kx, ky),±〉) leads to the general formula for the
bulk GF (Eq. 6). The problem that arises is in dealing with terms that have a −ky,
such as
gˆ2(E) =
∑ |(kx, ky),+〉〈(kx,−ky),+|
E − ǫ+ +
|(kx, ky),−〉〈(kx,−ky),−|
E + ǫ+
. (14)
These quantities can be dealt with by noting that, when dealing with the projection
of a reciprocal-space state onto the real space, the minus sign can be freely swapped
between ky and y. By means of a Fourier transform, it can be shown that
〈(x, y), α|(kx,−ky),±〉 = 〈(x,−y)|(kx, ky),±〉. (15)
Thus a sign change in ky is equivalent to a reflection of the position vector about the
y-axis. Now 〈r1, α|g2(E)|r2, β〉 can be seen as the GF between r1 and the reflection
of r2. This method can be applied to the remaining factors, allowing us to write the
semi-infinite GF between A and B as
SAB(E) =
1
2
(gAB(E)− gAB′(E)− gA′B(E) + gA′B′(E))
= gAB(E)− gAB′(E) , (16)
where A′ and B′ are the images of A and B as shown in Fig. 2, which also underlines
the simplicity and intuitive nature of the approach. From Eq. 16 and Fig. 2 we see that
the Green function connecting two sites on the semi-infinite lattice is equivalent to that
on the infinite lattice with the addition of a correction term that takes into account the
edge-induced scattering. This correction term is simply the Green function connecting
one site with the site equivalent to the image of the other in the infinite graphene sheet
with a phase shift of π. This rather intuitive and computationally convenient result
is a direct consequence of the simple manner in which the bands of armchair-edged
graphene can be written in terms of their infinite sheet counterparts. For other edge
geometries, the presence of localized edge states which cannot easily be reconciled with
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Figure 2. A semi-infinite Green function between A and B can be written as a sum
of bulk terms between A, B and their image sites A′, B′
the infinite graphene band structure complicate the picture and prevent the formulation
of the simple relation given in Eq. 16. Furthermore the entire DZ dependence of the
semi-infinite sheet GF is contained within this correction term, and from the standard
behavior of the graphene GF we can determine that it will decay with increased distance
from the edge as 1√
DZ
. Thus, when dealing with atoms a long distance from the edge,
we will find that gAB′(E) << gAB(E), and the bulk GFs are recovered.
In addition to the expressions presented above, GFs for both the nanoribbon and
semi-infinite graphene can be calculated numerically via recursive techniques whereby
Dyson’s equation is used to join “strips” of graphene. All of the calculations in this paper
were also performed recursively, within the Rubio-Sancho scheme [56], and were found to
be in perfect agreement with the integration methods presented here. Given numerical
expressions for the GFs, it becomes possible to explore the interaction computationally.
3. RKKY Interaction in Semi-Infinite Graphene
3.1. Numerical Results
Using Eq. (1), the IEC was calculated for a number of different value of DZ , the distance
from the edge. For each DZ value, the separation between the impurities, DA, was
increased and this data was used to determine the power-law decay rate. In all cases a
power-law expression of the form JBA ∼ D−αA fitted the data to very high accuracy as
evinced by the log-log plot in the inset of Fig. 3 for DZ = 1 (blue squares) and DZ = 3
(black circles). The decay exponent, α, is plotted for a number of representative DZ
values in the main panel of Fig. 3. We note that in most cases (blue squares) the rate
of decay was identical to that of bulk (α = 3). However whenever DZ was a multiple
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Figure 3. A plot of the decay exponent α againstDZ for various representative values.
We see that the slower rate of decay (blue squares) remains close to the bulk value of
α = 3 at all times. The more rapid decay (black circles) starts from a value of DZ = 7
but has become almost identical to the bulk value once we reach DZ = 100. Inset is
a log-log plot of the coupling(J) against DA for DZ = 1 (blue squares) and DZ = 3
(black circles). The rate of the decay is given by the slope, and is significantly faster
for the DZ = 3 case.
of 3 (black circles), much more rapid decay rates were recovered, starting at more than
D−7 for atoms near the edge. Further investigation showed that this short-ranged decay
converged asymptotically to its longer-ranged counterpart as the impurities were moved
further from the edge into the graphene sheet. This behavior is illustrated by the dashed
lines in Fig. 3 showing the fixed D−3 decay and the variable, faster ranged decay as a
function of DZ .
These calculations were repeated for sites on different sublattices, where we found
the same qualitative features with the opposite sign, indicating an antiferromagnetic
alignment. It is natural to try and interpret these results analytically, and we explain
our method for doing so in the next section.
3.2. Analytical Results
For large separations, the bulk GF has been shown to be well approximated over
the whole energy band by the SPA, particularly when working in the armchair or
zigzag directions [28]. The SPA takes advantage of the highly oscillatory nature of
the Green functions, demonstrating that, due to destructive interference, an excellent
approximation can be attained by considering only a small part of the integrand. The
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same approach can be used to solve the remaining integral in Eq. (12), giving us
S(E) =
A(E,DZ)eiQ(E)DA√
DA
, (17)
where
A(E,DZ) = ±2iE
sin2
[
DZ sin
−1
(√
E2+3t2
2t
)]
√
E2 + 3t2 [E2(t2 − E2)] 14
√
± i
π
, (18)
and
Q(E) = ±2 cos−1
(√
t2 −E2
t
)
, (19)
and± = −Sign[E]. The SPA provides an excellent approximation to the exact numerical
integration, which can be seen in Fig. 4. When working within the SPA, best results
are obtained when the exponential part of the integrand oscillates much faster than the
rest. As seen from Eq. (12) this implies that our approximation will be most accurate
close to the edge and for large separations between the magnetic objects (e.g. when
DA ≫ DZ).
Putting our GF in the form given in Eq. 17 simplifies the analytic calculation of the
coupling immensely. Substituting this into the formula for the RKKY coupling (Eq. 2)
gives
JRKKYBA =
V 2ex
DA
Im
∫
dE
B(E)e2iQ(E)DA
1 + eβ(E−EF )
, (20)
where B(E,DZ) = A2(E,DZ). This equation can be solved via contour integration in
the upper half plane and a summation over the Matsubara frequencies [57]. Finally,
expanding around the Fermi energy and taking the low temperature limit gives
JRKKYBA = −V 2ex Im
∞∑
ℓ=0
B(ℓ)(E)e2iQ(0)(E)DA
(2iQ(1)(E))ℓ+1Dℓ+2A
, (21)
where a superscript of (ℓ) denotes the ℓth derivative evaluated at the Fermi energy. This
equation implies that the decay rate of the coupling is determined entirely by the first
non-vanishing B(ℓ)(E). B(E) always vanishes when evaluated at EF = 0. However, its
first derivative is given by
B(1)(E) = 4i sin
4
[
DZπ
3
]
3πt3
, (22)
which only vanishes when DZ is a multiple of 3. Higher order derivatives are also found
to vanish. The analytical expressions thus predict both a long-ranged D−3A interaction
and the presence of a shorter-ranged interaction at every third distance from the edge.
This is in agreement with the numerical results discussed earlier and suggests that
RKKY interactions are likely to be highly influenced by the presence of a nearby edge.
Although these calculations have been performed with both impurities the same distance
from the edge, we have also performed similar calculations for a wider range of cases
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Figure 4. A comparison of numerical integration against the SPA for various armchair
separations/edge separations. The black lines represent the real part of the GF and the
red lines the imaginary part. The corresponding dots represent the SPA approximation.
The top two graphs are performed at DZ = 1 and the bottom two at DZ = 5. Those
on the left are performed for DA = 10 and those on the right for DA = 40. It is clear
that best agreement occurs when close to the edge and at large separations.
and find that when either impurity is a multiple of 3 from the edge a faster decay rate
arises.
The same approach that we have developed to deal with semi-infinite graphene can
be extended to study the case of the coupling between magnetic objects in graphene
nanoribbons.
4. Results in Metallic armchair nanoribbons
Although some previous works have examined RKKY interactions in nanoribbons, there
is some discrepancy between these as to the exact behavior. One work [25] suggests
that, away from zigzag edges, little difference will be seen from the bulk graphene result,
whereas another [38] predicts more unusual behavior in armchair nanoribbons, including
a potentially separation-independent (i.e. non-decaying) interaction. The difficulty in
patterning atomically precise nanoribbon devices may hinder the spintronic application
of the IEC in such systems, however the potential for longer-ranged interactions
stemming from the lower system dimensionality motivates further examination of
nanoribbon-based IEC. Furthermore, we expect that the behavior in nanoribbons will
be strongly connected to that already discussed for semi-infinite graphene and that
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parallels may be drawn between the two systems. We consider only metallic armchair
nanoribbons (of width N = 3n + 2, where N is the number of atoms in a zigzag strip
across the nanoribbon and n is an integer), since the IEC decays exponentially fast in
semi-conducting nanoribbons [38].
The GFs for metallic armchair nanoribbons can be determined from those in semi-
infinite graphene simply by introducing a suitable quantization condition that forces the
projection of the wavefunctions to vanish on both sides of the nanoribbon. Requiring
that the projection vanishes at 0 and nE
a
2
defines an armchair nanoribbon of width
N = nE−1 and quantizes the wavevector in the zigzag direction so that we have kZ = πjnE
where j = 0 → nE − 1. Then following the same integration methods as Section 2.1
we obtain an expression for the Green function between two sites equidistant from the
edge in an armchair nanoribbon ‡
SˆGNR(E) =
i
2nEt2
∑
j
Nαβe2iqDA sin2
[
πj
nE
DZ
]
cos( πj
nE
) sin(q)
, (23)
and
qGNR = ± cos−1
[
E2 − t2 − 4t2 cos2( πj
nE
)
4t2 cos( πj
nE
)
]
. (24)
Note that here DZ refers to the distance of both sites from one of the edges of the
nanoribbon. As with our semi-infinite results, the calculations were repeated using
recursive techniques for comparison and yielded identical results.
The coupling can be determined numerically by using Eq. 1 and the recently
developed GFs. Some sample results for the coupling are plotted in Fig. 5, from which
we may draw an immediate similarity with the inset in Fig. 3. For different values of
DZ we note distinctly different types of interaction. In contrast with the semi-infinite
case, here we find that the ‘slow’ decay is more gentle and the rapid decay does not
obey a power law behavior. We find that, for most values of DZ , the coupling decays
as D−1, which matches some predictions for armchair nanoribbons [38], nanotubes [58]
and is what would be expected in a 1d electron gas [9]. However, when DZ is a multiple
of 3, we find that our plots are better fitted with an exponential decay. This behavior
has been verified for a wide range of different DZ and ribbons widths. We note that
this behavior is similar to that reported previously in the literature [38], however we do
not observe the non-decaying interaction predicted for certain cases in that work.
The fact that we find an exponential decay for certain DZ values is not surprising
when we examine the electronic structure of metallic armchair nanoribbons. It is known
that the LDOS in nanoribbons vanishes at the half-filled Fermi energy for atoms a
multiple of 3 from the edge. The LDOS is given by the imaginary part of the diagonal
‡ Special care must be taken when dealing with terms where j = nE
2
due to the singularity in the
denominator. By examining the limiting behavior of this term carefully, it can be shown that it does
not contribute to the GF for finite DA, and contributes in the form of a modified expression when
DA = 0.
Variable range of the RKKY interaction in edged graphene 13
2.3 2.4 2.5 2.6 2.7 2.8 2.9 3
ln(D
A
)
-20
-15
-10
-5
0
ln
(J
)
Figure 5. A log-log plot of the coupling J against armchair distance DA. The blue
squares represent DZ = 1 and the black circles represent DZ = 3. The former case
corresponds to an interaction decaying as D−1
A
whereas the latter decays exponentially.
These calculations were performed for a ribbon width of nE = 6
GF, and it can be shown by examining Eq. (23) at DA = 0 and E = 0 that this is
zero whenever DZ is a multiple of 3. This behavior is shown in detail in Figure 6.
The vanishing DOS means that there are no conducting states around the Fermi energy
and thus the interaction decays exponentially for these DZ values, as it would in a
semiconductor. [58].
5. Conclusions
In summary, we studied the IEC in armchair-edged graphene using a variety of different
techniques for calculating the necessary Green functions. The Green functions methods
derived allow for quick calculation of many properties of semi-infinite graphene, and
allow for easy comparison to bulk graphene cases due to their simple relation to the
GFs for an infinite graphene sheet. An analytic approximation for armchair separations
in such systems using the SPA method yielded simple closed form expressions in excellent
agreement with more intensive numerical calculations for a wide range of cases. The fully
analytical GF derived for armchair nanoribbons should similarly prove useful for more
efficient analytic and numerical investigation of these systems. In both the semi-infinite
and nanoribbon systems a three-fold pattern of unusually rapid decay rates for the IEC
was identified. Such behavior is strongly dependent on the distance from the armchair
edge and is not present in bulk graphene systems. In nanoribbons, this faster decay
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Figure 6. A plot of the local density of states for various distances from the edge
(DZ). The LDOS disappears at the Fermi energy when DZ is a multiple of 3. This
leads to the exponential decay of the IEC at these DZ values.
rate was found to depend exponentially on the separation between magnetic moments,
whereas in semi-infinite graphene it was determined to follow a power-law behavior.
The longer ranged interaction shown here for nanoribbons has potential application in
the field of spintronics, and the ability to further tune the interaction by exploiting the
threefold behavior cannot be ruled out. However, the main importance of this result
is that it completes the spectrum of behavior for different armchair-edged graphene
allotropes. We see that the triplet exponential behavior displayed by nanoribbons
softens to a power law decay in single-edged graphene, and eventually converges to the
bulk decay rate of D−3 everywhere when the magnetic objects are located far enough
from the edge. Thus we have identified a clear behavioral pattern taking graphene
from the double-edged to the edgeless cases. Our results outline a possible avenue for
tuning interaction strength by controlling impurity adsorption sites in both armchair-
edge graphene and armchair-edge GNRs.
The success we have encountered here encourages the possibility of applying our
methodology to different, but similar, systems. The simplest extension of our work
would be in examining different edge geometries, in particular either a zigzag or mixed
geometry. The behavior of multiple impurities is also a topic of much importance, and
it is worth investigating if the overall alignment of randomly distributed moments will
vary near an edge due to the effects noted here. Finally, we would like to investigate
ways of extending the interaction range, since a long-ranged, strong interaction is
paramount for device applications. One well known way of extending the range of the
Variable range of the RKKY interaction in edged graphene 15
interaction between magnetic moments is to set one of the moments to precess [59,60].
Indeed, theoretical studies in graphene have already predicted a large increase in the
interaction range in this situation [31]. A natural extension of this work is to examine
this same dynamic interaction in the presence of edges, determining whether or not the
threefold pattern of rapid decay remains. In conclusion, the results presented here offer
a theoretical framework for future studies of magnetic interactions in edged graphene.
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